The combination of the configuration interaction method and all-order single-double coupledcluster technique is used to calculate excitation energies, ionization potentials and static dipole polarizabilities of superheavy elements nobelium, lawrencium and rutherfordium. Breit and quantum electrodynamic corrections are also included. The results for the superheavy elements are compared with earlier calculations where available. Similar calculations for lighter analogs, ytterbium, lutetium, and hafnium are used to study the accuracy of the calculations. The estimated uncertainties of the final results are discussed.
I. INTRODUCTION
The study of the superheavy elements (nuclear charge Z > 100) is an important multidisciplinary area of research involving nuclear physics, atomic physics, and chemistry (see, e.g. reviews [1] [2] [3] ). Atomic calculations help to understand the role of the relativistic and manybody effects and provide important information for the planing and interpreting the measurements. The need to treat relativistic and correlation effects to high level of accuracy makes the calculations a very challenging task. Relativistic effects are most important for the structure of the inner electron shells. Their effect on the spectra of neutral atom, determined by valence electrons, is much smaller. Standard approach based on using Dirac equation and adding Breit and quantum electrodynamic (QED) corrections gives reasonably good results (see, e.g. [4] [5] [6] [7] ). Accurate treatment of correlations is a more difficult task. Most of superheavy elements have open shells with many valence electrons and strong correlations between them and between valence electrons and electrons in the core. Therefore, it is particulary important to establish the benchmark values for superheavy systems that have one to four valence electrons which can be treated by the most high-precision approaches. Such calculations also establish the importance of various corrections that may be used for more complicated superheavy atoms. In our previous papers [4] [5] [6] [7] we studied the elements with nuclear charge Z = 112, 119 and 120, which are heavier analogs of mercury, francium and radium respectively. These systems have one or two valence electrons. In present paper, we calculate the spectra and other atomic properties of superheavy atoms with two, three, and four valence electrons above closed shells: nobelium (Z = 102), lawrencium (Z = 103), and rutherfordium (Z = 104). These elements are heavier analogs of ytterbium, lutetium and hafnium. No, Lr, and Rf were studied theoretically in [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and experimentally in [1] [2] [3] , but experimental spectra still have not been measured. Present relativistic calculation use the combination of the configuration interaction (CI) method with the linearized single-double coupled cluster method (CI+SD or CI+all-order) [18] . Correlations between valence electrons are treated with the CI technique while correlations between core and valence electrons are included via single-double coupled-cluster method. This approach provides the most complete treatment of the inter-electron correlations since it includes core-core, core-valence and valence-valence correlations to all orders. We treat nobelium, lawrencium and rutherfordium as two-, three-, and four-valence electrons systems respectively. Previous calculations for No [8] [9] [10] and Rf [16, 17] considered these atoms as two-valence electron systems, while calculations for Lr [11] [12] [13] [14] [15] treated the atom as a monovalent system. Such treatments omit important correlation effects for Lr and Rf. Comparing present and earlier calculations provide important information on the role of different types of correlation and relativistic corrections. We also present calculations of few first ionization potentials for No, Lr and Rf, up to removal of all valence electrons and calculate static polarizabilities for all three atoms. In next section we describe the method and present results of calculations for Yb, Lu, and Hf to illustrate the accuracy of the method. In last section we present results and detailed discussion for No, Lr, and Rf.
II. METHOD OF CALCULATION
The calculations are performed using the configuration interaction method combined with the linearized singledouble coupled-cluster method introduced in [18] . This CI+all-order method yielded accurate atomic properties for a number of divalent systems and trivalent Tl [18] [19] [20] [21] . It has been recently applied to the calculations of four-electron systems for the first time (Sn-like ions) [22] .
We use frozen core Dirac-Fock (DF) V N −M potential [23] as the point of departure for all of our calculations, where N is the total number of electrons and M is the number of valence electrons, i.e. the initial DF procedure is carried out for the closed-shell ion, with all valence electrons removed. For the atoms treated here, M =2 for Yb and No, M =3 for Lu and Lr, and M =4 for Hf and Rf. The effective CI Hamiltonian for states of valence electrons is the sum of single-electron Hamiltonians and an operator representing the interaction between the valence electrons,Ĥ
The single-electron Hamiltonian for a valence electron has the form
whereΣ 1 is the correlation potential operator, which represents the correlation interaction of a valence electron with the core. Its matrix elements are related to the single-excitation amplitudes of the coupled-cluster method via
where ρ mv is an excitation coefficient of the atomic wave function for the term with excitation from the valence state v to another excited state m; and ǫ m are Dirac-Fock energies of corresponding single-electron basis states. The quantities ǫ v are discussed in detail in Ref. [18] . Briefly, the CI+all-order approach is based on the Brillouin-Wigner variant of MBPT rather than the Rayleigh-Schrödinger variant resulting in the energy dependence of the Σ. Ideally, the energy ǫ v should be calculated from the particular eigenvalue of the effective Hamiltonian. In actual calculations, the simplest and the most practical approach is to set the energy ǫ v to the Dirac-Fock energy of the lowest orbital for the particular partial wave. For example, we use ǫ v = ǫ 6s for all ns orbitals of Yb atom. The interaction between valence electrons is the sum of the Coulomb interaction and the correlation correction operatorΣ 2 :
The operatorΣ 2 represents the screening of the Coulomb interaction between valence electrons by core electrons. Its matrix elements are related to the double-excitation coupled-cluster ρ mnvw coefficients via
The many-electron wave function for the valence electrons Ψ can be expressed as an expansion over singledeterminant wave functions
The functions Φ i are constructed from the single-electron valence basis states calculated in the V N −M potential. The coefficients c i and many-electron energies are found by solving the matrix eigenvalue problem
where H eff ij = Φ i |Ĥ eff |Φ j and X = {c 1 , c 2 , . . . , c n }. We use the linearized coupled-cluster method to calculate the correlation correction operatorsΣ 1 andΣ 2 . The B-spline technique [24] is used to construct a singleelectron basis for calculation ofΣ and for building manyelectron basis states for the CI calculations. We use 35 B-splines of order 7 in a cavity of radius R max = 60a B , where a B is Bohr's radius. All sums in the all-order terms are carried out including l max = 6 partial waves. The contributions from l > 6 partial waves was estimated and included into the final results.
A. Breit interaction
Breit interaction is included in present calculations using the approach developed in Ref. [25, 26] . We treat Breit interaction in zero energy transfer approximation. The Breit Hamiltonian includes magnetic interaction between moving electrons and retardation
Here r = nr, r is the distance between electrons, and α is the Dirac matrix. Similar to the way Coulomb interaction is used to form self-consistent Coulomb potential, Breit interaction is used to form self-consistent Breit potential. In other words, Breit interaction is included into self-consistent Hartree-Fock procedure. Thus the important relaxation effect is included. The resulting inter-electron potential in (2) consist of two termŝ
V C is the Coulomb potential, V B is the Breit potential. Coulomb interaction in the second-order correlation operatorΣ is also modified to include Breit operator (8) . The contribution of the Breit interaction to the energy levels of all atoms considered here is small, generally less than 100 cm −1 .
B. QED corrections
We use the radiative potential method developed in Ref. [27] to include quantum radiative corrections. This potential has the form
where V U is the Uehling potential, V g is the potential arising from the magnetic formfactor, and V e is the potential arising from the electric formfactor. The V U and V e terms can be considered as additions to nuclear potential while inclusion of V g leads to some modification of the Dirac equation (see Ref. [27] for details). We find that the QED corrections are small in comparison with the higher-order correlation corrections and can be omitted at the present level of accuracy. We compared the results with and without QED for No as an illustration.
C. Calculation of polarizabilities
Polarizabilities characterize interaction of atoms with external electric field. The Stark energy shift of atomic state JLn in the static electric field ε is given by
where α 0 and α 2 are scalar and tensor electric-dipole polarizabilities, and M is the projection of the total angular momentum J on the direction of electric field. Scalar polarizability is given by
where = − e i r i is the electric dipole operator. Tensor polarizability α 2 is non-zero only for atomic states with J ≥ 1. The expression for α 2 differs from (12) by an angular coefficient:
The expressions (12) and (13) are exact if |JLn and |J ′ L ′ n ′ are exact many-electron wave functions. In practice, atomic electrons are divided into core and valence electrons and the expression for scalar polarizability becomes a sum of three terms
Here α c is the polarizability of atomic core, α cv is the contribution caused by Pauli principle which implies that the excitations from the core cannot go into occupied valence states. Therefore, polarizability of the core is different for the ion, which has no valence electrons and for the neutral atom. This difference is separated into α cv . Usually this contribution is small and needs to be taken into a Ref. [29] account only in very precise calculations. We neglect it in present work. The term α v is the dominant contribution due to the valence electrons. The core contribution is given by
where summation goes over core states c and a complete set of single-electron states m. The energies ǫ c and ǫ m are the single-electron energies of the basis states. The operator d = −er in (15) is the single-electron electric dipole operator, δV core is the correction to the self-consistent core potential due to the effect of electric field. It is also known as the core polarization correction or random-phase approximation (RPA) correction. This correction is calculated by solving the RPA-type equations for atomic core
whereĤ 0 is the Hartree-Fock Hamiltonian, δψ c is the correction to the core state ψ c due to the effect of external electric field. The equations (16) are solved selfconsistently for all states in the core and the correction [29] to the core potential δV core is found. Core contribution is small, ranging from 3.20 a.u. for Hf to 8.46 a.u. for No. The core does not contribute to the tensor polarizability since the total angular momentum of the closed shell core is zero. The expressions for the valence contributions to the scalar and tensor polarizabilities are very similar to (12) and (13) with a few modifications. The many-electron states |JLn and |J ′ L ′ n ′ are now the valence states, the summation in the electric dipole operator D goes over only valence electrons, and every single-electron electric dipole operator d is modified to include core polarization correction,d = d + δV core .
To perform summation in (12) and (13) over complete set of many-valence-electrons states we use method suggested by Dargarno and Lewis [31] . The summation is reduced to calculation of the correction to the ground state wave function where correction |ã to the ground state wave function |a is given by
The correction |ã satisfies the inhomogeneous equation
Here H CI is the effective CI Hamiltonian presented in a matrix form while |ã is a vector of expansion coefficients over single-determinant basis states. Solving the system of linear equations (19) and substituting the result into (17) is equivalent to summation over all possible many electron states which can be constructed from the given single-electron basis.
D. Results for Yb, Lu and Hf
First, we carry out the calculations for "reference" atoms Yb, Lu and Hf which have the closest electronic Tables I, II , and III, respectively. Yb energy levels have been presented in Ref. [28] . Comparison shows that relative theoretical error in excitation energies is rather similar for Yb, Lu, and Hf, with somewhat better accuracy for two-electron Yb.
The difference with experiment is 0.1 − 1.6% for Yb with the exception of the singlet 6s6p
1 P 1 and 6s7p 1 P 1 states, where it is 3-3.5%. The lower accuracy of the singlet states arises when there is significant difference in the position of the triplet and singlet energy levels, such as in 1 P 1 and 3 P 1 case. It is 1.1 − 2.2% for Lu, with the exception of 6s 2 6p states where it is 3 − 5%. A common problem of the CI calculation with four valence electrons is rapid increase of the number of manyelectron basis states with the increase in the number of valence electrons usually leading to omitting configurations which correspond to multiple excitations of valence electrons from the ground state to high-lying states. This helps to reduce the CI matrix to a manageable size but leads to deterioration of the accuracy of the calculations. However, we were able to saturate the four-electron CI space by carrying out several very large CI calculations with diffident types of excitations, then selecting the configuration with the largest weights from each of the runs, and combining them to produce nearly complete configuration space. Comparing results with increasing number of selected important configurations produced estimated uncertainty due to configuration space of less than 50 cm −1 for most states. As a result, we do not observe significant deterioration of results between Lu and Hf. The difference with experiment is 0.1 − 2.9% for Hf with the exception of the singlet 1 D 2 and 1 G 4 states, where it is 4% and 8%, respectively.
We also present the values of calculated and nonrelativistic magnetic g-factors in Tables I, II , III. Nonrelativistic (nr) values are given by
where J is total angular momentum of the atom, L is its angular momentum and S is the spin (J = L + S). The g-factors are useful for identification of the states.
III. RESULTS AND DISCUSSION

A. Energy levels of No, Lr and Rf and estimates of their uncertainties
Calculated energy levels and magnetic g-factors for No, Lr and Rf are presented in Tables IV, V and VI together with the results of earlier calculations [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . We observe good agreement between the theoretical results for most of the states. We compare No results with and without the QED correction in Table IV . The value of the QED correction is of the order of 100 cm −1 for most of the states while maximum value of the correction is slightly larger than 200 cm −1 . This is smaller than the uncertanty due to correlations (see the difference between theory and experiment for Yb, Lu and Hf in Tables I, II,  III) . Therfore, we do not include QED corrections for Lr and Rf.
The accuracy of the calculations was discussed in previous section for the case of Yb, Lu and Hf atoms. However, since relativistic and correlations effects are larger in the superheavy elements it is reasonable to assume that the uncertainty for No, Lr and Rf are slightly larger than for Yb, Lu and Hf. We verified that the contribution of the Breit interaction to the energy levels in Tables  I -VI is small in all cases (generally less than 100 cm −1 ). To estimate the accuracy of our values, we directly compare the correlation effects in Lu and Lr, since these dominate the uncertainty of the calculations. We carry out an additional calculations for both atoms using a combination of the configuration interaction and second-order many-body perturbation theory (CI+MBPT) methods [32] . In this approach, the Σ 1 and Σ 2 of the effective Hamiltonian are build using the second-order perturbation theory instead of the coupledcluster method. The difference of the CI+MBPT and CI+all-order values gives the estimate of the third and higher-order corrections. We note that Lu and Lr have different types of the ground state configuration, 6s 2 5d 2 D 3/2 and 7s 2 7p 2 P 1/2 . Therefore, we first directly compare the higher-order correlation contributions to the three-electron removal energies of Lu and Lr which are given in Table VII . Columns CI+MBPT and CI+all give trivalent removal energies calculated in the respective approximations. The difference of these values give the estimate of the higher-order correlation correction given in column labeled "Diff". Last column labelled "Diff * " gives the higher-order correlations relative to the corresponding ground states. We find that while the energies are similar for Lu and Lr, the higher-order correlation corrections significantly increases from Lu (2000 -3200 cm −1 ) to Lr (3800 -6300 cm −1 ). However, we observe that the correlation increases for all of the states and when the ground state values are subtracted out, the remaining higher-order corrections, listed in the last column of Table VII Therefore, we expect 1 − 2% accuracy of the energy levels in No, 1 − 3% in Lr, and 2 − 5% for Rf for most of the states presented here.
B. Ionization potentials
Calculations in the V N −M approximation are very similar for a neutral atom, negative and positive ions [23] . The number of valence electrons is the only parameter in the effective CI Hamiltonian (1) which changes while moving from a neutral atom to an ion or from one ion to another. All other terms, including Coulomb potential created by core electrons and correlation operatorΣ remain the same. Removing one electron from a neutral atom and comparing the energy of resulting ground state with the energy of the ground state of neutral atom give first ionization potential of the atom. Removing one more electron leads to second ionization potential, etc. This process can be repeated until all valence electrons are removed. The number of ionization potentials which can be calculated this way is limited by the number of valence electrons. 
This allows us to separate the contribution due to this transition from the rest of the sum in (12) and (13) 
where all values are in atomic units and ∆E = E(6d 3/2 )− E(7p 1/2 ). Sensitivity of the polarizabilities to the value of this energy interval is the main source of uncertainty. The uncertainty assigned to the polarizabilities of lawrencium (Table IX, MBPT column) are based on the variation of the energy interval in different calculations (Table V). The uncertainties for other atoms are smaller due to absence of the resonance contribution. The most accurate values are those obtained in the all-order calculations while the difference between all-order and MBPT results can serve as en estimation of theoretical uncertainty. Knowing the value of the electric dipole transition amplitude (21) allows us to calculate lifetime of the 6d 3/2 state. It is 0.23 ms if we take the energy interval to be our theoretical value of 1555 cm −1 (see Table V ). This is a long-lived metastable state. Since lawrencium atoms are not found in nature but produced on accelerators they can probably be produced in either of the 7p 1/2 or 6d 3/2 states. The interaction with environment is very different for Lr atoms in these two states. It is isotropic for the atoms in the 7p 1/2 state and strongly anisotropic for atoms in the 6d 3/2 state. In the later case, the polarizability is dominated by the tensor term. The total value is positive (α ≈ 100 a.u.) for the case when total atomic angular momentum is parallel to the electric field (|M | = J) and it is negative (α ≈ −160 a.u.) for the case when total atomic angular momentum is perpendicular to the electric field (M = 0).
IV. CONCLUSION
Energy levels for lowest states of superheavy elements nobelium, lawrencium and rutherfordium as well as first few ionization potentials and static polarizabilities have been calculated using the combination of the configuration interaction with the all-order single-double methods. The accuracy of the calculations are controlled by performing similar calculations for lighter analogs of the elements, ytterbium, lutecium, and hafnium. These calculations provide benchmark data, critically evaluated for their accuracy, for future experimental studies.
